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Polarization Dependence of Phase-Conjugate
Reflectivities in Solid Films Containing
Randomly Oriented Saturable Dyes
Tsutomu Sato and Shigeki Miyanaga, Member, IEEE
Abstract— The properties of polarization-dependent phase-
conjugate (PC) reflectivities by degenerate four-wave mixing in
saturable-dye-doped films are investigated on the basis of a
four-level model including an excited-state absorption. Numerical
calculations are carried out by taking account of the effect of
molecular orientation as well as of pump propagation under the
assumption that optically anisotropic dye molecules are rigidly
fixed in a solid matrix without any positional and orientational
order, in which a PC wave can be generated even in the case
of a probe wave perpendicularly polarized to pump waves.
Two cases of the polarization state are employed, where the
polarization direction of the probe wave is either parallel or
perpendicular to that of the parallel linearly polarized pump
waves. Numerically calculating the PC reflectivities as a function
of the pump intensity, we show how the polarization properties of
the PC-reflectivity curves depend on saturation parameters, and
clarify the influences of the molecular orientational and the pump
propagation effect. The numerical results are compared with the
experimental results obtained by using eosin-Y -doped polyvinyl
alcohol films as saturable absorbers.
Index Terms—Absorbing media, dyes, nonlinear optics, optical
phase conjugation, optical polarization, optical saturation, plastic
films.
I. INTRODUCTION
DEGENERATE four-wave mixing (DFWM) in saturable-dye-doped films has been widely used for the generation
of a phase-conjugate (PC) wave, and possible applications
have been proposed for the field of real-time image processing
[1]. Solid films doped with organic dyes having a long phos-
phorescent lifetime exhibit saturable absorption at a relatively
low light intensity [2]. DFWM using such saturable-dye-doped
films, therefore, has the advantage in that a phase-matching
condition is automatically satisfied [3] and that the PC wave
can be generated at low light intensity from a CW laser [4], [5].
In dye-doped films prepared by methods such as dip coating
and spin coating, dye molecules are rigidly held in a solid
matrix without any positional or orientational order. The non-
linear polarization induced in such dye-doped films depends
not only on the light intensity but also on the polarization
state of incident light beams because of the optical anisotropy
of each dye molecule, so that the PC wave can be generated
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even in the case of a probe wave orthogonally polarized to that
of parallel linearly polarized pump waves. Since applications
using this polarization dependence of the PC wave have also
been demonstrated for image processing [6], [7], it is necessary
to take account of the influences of polarization states on
the PC reflectivity, which requires an orientational average
over the dipole moment induced in each dye molecule to
be performed [8]. The analysis of polarization-dependent PC
reflectivity has been carried out on the basis of a three-
energy-level model for saturable dyes [9], [10]. Tompkin et
al. showed, by numerical analysis, that nearly perfect vectorial
phase conjugation can be achieved for a field strength near
saturation intensity [9]. The polarization dependence of the PC
wave has also been reported in crystalline saturable absorbing
media [11], [12] and isotropic saturable gain media [13], [14],
and the vectorial phase conjugation has been demonstrated
[11], [14].
In this paper, we investigate the polarization-dependent PC
reflectivity by considering a molecular orientational effect for
each induced dipole moment on the basis of a four-energy-
level model for saturable dyes which includes the effect
of the excited-state absorption from an excited triplet level.
Two cases of the polarization state are employed, where the
polarization direction of a linearly polarized probe wave is
either parallel or perpendicular to that of two parallel linearly
polarized pump waves. We clarify the influences of the effect
of the pump absorption as well as of the molecular orientation
of the saturable dyes on the PC reflectivity. Numerical results
are compared with experimental results obtained in eosin- -
doped polyvinyl alcohol (PVA) films as saturable absorbing
media.
II. SATURABLE ABSORPTION IN DYE-DOPED FILMS
We assume an energy-level diagram for the saturable dyes
to be described by a four-level model shown in Fig. 1
[15]. After the dye molecules in a singlet ground level
undergo the induced transition to a singlet excited level
with a frequency-dependent absorption cross section
by incident light having a frequency near resonance, two
allowed transitions occur: one is the radiative and nonradiative
decay to the ground level with a fluorescent lifetime
and the other is the transition to a triplet level through
intersystem crossing with a transition rate . From level the
radiative and nonradiative decay to the ground level with
0018–9197/99$10.00  1999 IEEE
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Fig. 1. Energy-level diagram of saturable dyes as a four-level system. 0
and T denote the frequency-dependent cross sections associated with the
absorption from a ground state (level S0) and from an exited-triplet state (level
T1), respectively, F and  are a fluorescent lifetime and a phosphorescent
lifetime, respectively,  is the transition rate of an intersystem crossing from
level S1 to |evel T1; and T is the decay rate of level T2.
a phosphorescent lifetime occurs together with the excited-
state absorption with a frequency-dependent absorption cross
section . denotes the decay rate of level . When
the lifetime of level is much longer than the ones for
the other levels, the population density of level increases,
and, consequently, the absorption coefficient changes with the
relatively low intensity of the incident light. Assuming that
the transition rates and are much larger than
the other rates [16], we ignore the effects of absorption from
level and saturation associated with the excite-triplet-state
absorption because of the population densities of levels
and being negligibly small.
To treat the polarization properties of the saturable absorp-
tion in dye-doped films, we assume that the dye molecules are
randomly fixed and oriented in solid polymer matrices. The
direction of a transition electric dipole moment is defined as
shown in Fig. 2, with polar angles and which is expressed
as
(1)
where and are unit vectors of a laboratory coordinate
system. An electric polarization in the saturable-dye-doped
films is obtained by averaging the dipole moment induced
in each dye molecule. According to Fig. 2, an orientational
average is defined as
(2)
For simplicity, we assume that each dye molecule has only one
component of the transition dipole moment at the wavelength
of incident light [17], and that the direction of the transition
dipole moment associated with the ground-state absorption
is parallel to that associated with the excited-triplet-state
absorption.
Fig. 2. Direction of a transition dipole moment in a laboratory coordinate
system. Each dye molecule is assumed to have only one component of
transition dipole moments along one particular molecular axis.
On the basis of these assumptions, the macroscopic electric
polarization in the saturable-dye-doped film is given as [15]
(3a)
(3b)
where is the number density of dye molecules, and
are the dielectric constant and the wavenumber in vacuum,
respectively, is the
electric field of the incident light, and and are the
detuning parameters associated with the ground- and excited-
state absorption, respectively. With the angular frequency of
the incident light where
and represent the resonant angular frequencies and the
transverse relaxation times for each transition, respectively.
Since the transition rates of the absorption and the phosphores-
cence are assumed to be much smaller than those of the others
as stated before, a frequency-dependent saturation parameter
is governed by the ground-state absorption and is defined
as
(4)
where is the velocity of light in vacuum and
which is referred to as a triplet yield, represents the
quantum yield of the intersystem crossing. is assumed to
satisfy .
Equation (3) indicates the field-intensity dependence of the
absorption coefficient and the refractive index. Carrying out
the orientational average in (3) for a single linearly polarized
beam, we obtain the frquency-dependent absorption coefficient
in this system as
(5)
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Fig. 3. Schematic diagram of DFWM interaction. Two counterpropagating
pump waves and a probe wave coherently interact in a dye-doped film of
thickness L; and a PC wave is generated. The polarization direction of the
probe and the PC wave is either parallel or perpendicular to that of the pump
waves (taken to be the y axis).
where is the intensity of the incident light
and stands for the ratio of the excited-state
absorption cross section to the ground-state one. In (5), a
frequency-dependent small-signal absorption coefficient is
defined as the absorption coefficient for a sufficiently low
intensity, resulting in . The influence of excited-
state absorption becomes larger with an increase of the incident
intensity, and for sufficiently intense light in (5), the absorption
coefficient is dominated by excited-state absorption alone,
approaching
(6)
A frequency-dependent saturation intensity is defined as
the intensity at which the absorption coefficient takes on the
value of From the numerical solution of (5),
is related to of (4) with an additional coefficient as
(7)
where is determined independent of and the
frequency of light. When the frequency of the incident light is
off the resonant frequency, the refractive index also depends
on the intensity of the incident light.
III. THEORETICAL TREATMENT OF DFWM
The arrangement of DFWM interaction is schematically
shown in Fig. 3. Two counterpropagating pump waves of
complex amplitudes and impinge upon a saturable-
dye-doped film of thickness at an angle of and then
coherently interact with a probe wave of amplitude incident
normally upon the film, generating a PC wave of amplitude
. While the two pump waves are assumed to be linearly
polarized along the axis, the probe wave is polarized along
either the axis, which is henceforth referred to as perpendicu-
lar polarization, or the axis, as parallel polarization. From the
viewpoint of a real-time holographic interpretation for DFWM,
it is periodic polarization-state distribution that is responsible
for the saturable absorption grating in the perpendicular polar-
ization, while it is periodic intensity distribution in the parallel
polarization.
The procedure to obtain the PC reflectivity is similar to
that in [18] and [19]. Assuming that the probe and the PC
waves are sufficiently weak compared with the two pump
waves, we substitute the electric polarization of (3) and all the
electric fields into Maxwell’s equations under the interaction
geometry shown in Fig. 3, carry out the integration for the
orientational average, and then perform the spatial average
similar to that in [19] to obtain the coupled-wave equations for
slowly varying field amplitudes. If the unit cell of the saturable
absorption grating involves a sufficiently large number of
randomly dispersed dye molecules, the order of the average is
exchangeable, and the spatial average can be first analytically
integrated. Furthermore, the integration with respect to the
angular variable can also be analytically calculated in the
orientational average, and thus the average over the angular
variable is retained for numerical integration. According
to the procedure mentioned above, we can finally obtain the
coupled-wave equations for the two pump waves as
(8)
and for the probe and the PC wave as
(9)
where the subscripts and stand for the parallel and the
perpendicular polarization, respectively. In (8), the coupling
coefficients and for the two counterpropagating pump
waves are expressed as
(10a)
(10b)
where
(11a)
(11b)
and -dependent parameters and are defined as
and with of (7). The bracket is
redefined as the orientational average with respect to by
(12)
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The coupling coefficients for the probe and the PC wave in
(9) are represented for the parallel polarization as
(13a)
(13b)
and for the perpendicular polarization as
(14a)
(14b)
where
(15)
and denotes the sum of phases of the two pump waves.
According to (8), the -dependencies of the amplitudes
and phases of the two pump waves are first numerically
calculated under proper boundary conditions together with the
-dependencies of and which account for a pump
propagation effect. Then, (9) is numerically solved to calculate
the PC reflectivity by using the pump amplitudes resulting
from (8). The PC reflectivity for the parallel polarization
and for the perpendicular polarization are obtained as the
square of the ratio of the PC amplitude to the probe amplitude
at .
IV. NUMERICAL RESULTS
In the calculations throughout this section, we assumed
that the two pump waves are incident normally upon the
interaction region, and their incident intensities and
are equal and expressed by . If a constant-pump-
intensity approximation [18] is employed by ignoring the
pump propagation effect, where and in (11) and (15)
are constant with respect to we can analytically integrate
the orientational average and then obtain the PC reflectivity by
analytically solving the coupled-wave equations for the probe
and the PC wave (see the appendix).
To reveal the pump propagation effect as well as the
polarization dependence of the PC reflectivities, Fig. 4 shows
the PC reflectivities as a function of the normalized pump
intensity calculated from the coupled-wave equations includ-
ing (solid and dashed curves) and excluding (dash–dotted
and dotted curves) the pump propagation effect. The solid
and the dash–dotted curves denote the PC reflectivities for
the parallel polarization, and the dashed and dotted curves
for the perpendicular polarization, respectively. The small-
signal absorbance is chosen to be 0.1, 1.0, and 10.0 with
detuning parameters of and the ratio of the
absorption cross sections of Each reflectivity curve
has a peak at a pump intensity near the saturation intensity
because of the saturable absorption grating being most
effectively modulated in the vicinity of . At each
in Fig. 4, the PC reflectivities for the parallel and for the
Fig. 4. PC reflectivities as a function of the normalized pump intensity
calculated from the coupled-wave equations including (solid and dashed
curves) and excluding (dash–dotted and dotted curves) the pump absorption
effect. In both cases, the solid and the dash–dotted curves denote the PC
reflectivities for the parallel polarization, and the dashed and dotted curves
denote those for the perpendicular polarization, respectively. 0L is chosen
to be 0.1, 1.0, and 10.0 with 0 = T = 0:0 and G = 0:5 for all curves.
perpendicular polarization intersect at a certain pump intensity
which increases with . This intersection of the curves
for the two polarization states, indicating a possibility of
generating a vectorial PC wave at this pump intensity [9],
was found to appear regardless of the values of
and . It is attributed to the polarization dependence of the
saturable absorption characteristics [8] that the PC reflectivity
for the perpendicular polarization takes the peak at the higher
pump intensity than that for the parallel polarization in Fig. 4.
As increases, while the PC reflectivities in the constant-
pump-intensity approximation (dash–dotted and dotted curves)
merely increase as a whole on account of the increasing
modulation depth of the saturable absorption grating, those
obtained by taking account of the pump propagation effect
(solid and dashed curves) are raised as a whole until the
pump absorption effect reduces them at large . At small
since the pump absorption effect is insignificant, the
PC reflectivity in the constant-pump-intensity approximation
is essentially the same as that calculated with the pump
propagation effect. With an increase of however, since
the pump propagation effect associated with the ground-
and the excited-state absorption becomes more significant,
the wave-mixing process occurs less efficiently and requires
a higher pump intensity to induce the saturable absorption
grating. As a result, at large the PC reflectivity calculated
with the pump propagation effect is reduced as a whole and
its peak is shifted toward higher pump intensity. The pump
propagation effect was found to become remarkable at
larger than about 2.0.
Fig. 5 shows the PC reflectivities as a function of the
normalized pump intensity for the parallel (solid curves) and
the perpendicular (dashed curves) polarization for
with . is chosen to be 0.0, 0.8, 1.6, and 3.2.
In the case of which corresponds to the three-level
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Fig. 5. PC reflectivities as a function of the normalized pump intensity for
the case of the parallel (solid curves) and the perpendicular (dashed curves)
polarization. G is chosen to be 0.0, 0.8, 1.6, and 3.2 with 0L = 1:0 and
0 = T = 0:0.
model ignoring excited-state absorption, the PC reflectivities
approach those in the constant-pump-intensity approximation
for the sufficiently high pump intensity. With the increase
of the pump propagation effect associated with excited-
state absorption leads to the PC reflectivities diminishing for
the high pump intensity. When which implies
that the absorption cross section for ground-state absorption
( ) is equal to that of excited-state absorption ( ), any
changes in the population density of each energy level do
not induce the absorption grating in the dye-doped film, so
that the PC wave is not generated in this case. If the detuning
parameters are not equal to each other, however, the refractive-
index grating is induced to generate the PC wave. For
greater than 1.0, reverse saturable absorption [16], where the
absorption coefficient is increased by the saturation, is ascribed
to the generation of the PC wave. For sufficiently low pump
intensities together with small the modulation depth of
the saturable absorption grating is proportional to and
gives rise to the PC reflectivity being proportional to
which qualitatively explains the characteristics seen in the
small value of in Fig. 5.
Fig. 6 shows how the PC reflectivities as a function of the
normalized pump intensity vary with the detuning parameter.
is chosen to be 0.0, 0.5, 1.0, and 1.5 with the parameters
of and The value of
hardly influences the shape of the PC-reflectivity curve but
merely shifts the entire curve upward or downward. Similar
results were also obtained when the detuning parameter is
changed instead of .
Although, in actual saturable absorbers, and are
uniquely determined relative to the wavelength, Figs. 5 and
6 clarify the influence of and on PC reflectivities,
which will consequently be available for parameter fitting.
There have been many works on the PC reflectivity without
taking account of the orientational effect of transition moments
in saturable absorbers [15], [18]–[24], in which all molecules
Fig. 6. PC reflectivities as a function of the normalized pump intensity for the
case of the parallel (solid curves) and the perpendicular (dashed curves) polar-
ization. 0 is chosen to be 0.0, 0.5, 1.0, and 1.5 with 0L = 1:0; G = 0:5;
and T = 0:0:
Fig. 7. PC reflectivities as a function of the normalized pump intensity. The
solid curves denote the PC reflectivities obtained by taking account of the
effect of the molecular orientation, and the dash–dotted curves denote those
obtained by ignoring this effect. 0L is chosen to be 0.1, 1.0, 10.0 with
0 = T = 0:0 and G = 0:5.
are assumed to be either isotropic or oriented parallel to
all the electric fields. Those cases correspond to the parallel
polarization in this work. By assuming that all dye molecules
are oriented parallel to the polarization direction of the parallel
linearly-polarized electric fields, the electric polarization in
those cases is obtained by replacing by in (3),
which implies that performing the orientational average is
unnecessary. The small-signal absorption coefficient and the
saturation intensity are then directly given as
and (16)
respectively. The coupled-wave equations are easily obtained
as similar expressions to (8) and (9) [15]. Fig. 7 shows
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Fig. 8. Comparison between the experimental results and the numerical
curves of the PC reflectivities. The measured PC reflectivities are plotted
by the open and solid symbols for 0L = 0:51 (triangles), 0L = 1:4
(circles), and 0L = 7:0 (squares). The solid symbols denote the results
of parallel polarization, and the open symbols denote those of perpendicular
polarization. The numerical curves for parallel polarization (solid curves) and
perpendicular polarization (dashed curves) are calculated for each 0L with
the parameters of G = 0:65; 0 = 0:9; T = 0:65; and IS = 1:0 W/cm2.
These values of parameters are determined from curve fitting at 0L = 1:4.
the PC reflectivities as a function of the normalized pump
intensity that are calculated with (solid curves) and without
(dash–dotted curves) considering the molecular orientational
effect. is chosen to be 0.1, 1.0, and 10.0 with
and . and are defined by (6) and (7)
for the solid curves and by (16) for the dash–dotted ones.
From a comparison of the results, there are slight differences
between both curves. Similar results were also obtained when
the different values of and were employed. Thus, it
is found that it is acceptable in evaluating PC reflectivities to
ignore the molecular orientational effect as long as the case
of parallel polarization is concerned. However, the analysis
without considering this effect fails to explain the generation
of the PC wave in the case of perpendicular polarization.
V. EXPERIMENTAL RESULTS
We compare the numerical results with the experimental
results obtained in eosin- -doped PVA films. A standard
DFWM setup was used for the measurement with an Ar-
ion laser operating at the wavelength of 514.5 nm as a light
source. The dye-doped film sample was made by dripping
the mixture of a proper amount of dye and PVA powder
dissolved in solvent onto a glass substrate and by drying at
45 C for a few days. Three kinds of films with of 0.51,
1.4, and 7.0 were used in the experiment. Fig. 8 shows the
measured PC reflectivities and the corresponding numerical
curves. The measured PC reflectivities are plotted by the solid
and open symbols of triangles for circles for
, and squares for . For all the solid symbols
denote the results for the parallel polarization and the open
symbols for the perpendicular polarization. The numerical
curves are drawn by the solid lines for parallel polarization
and the dashed lines for perpendicular polarization, which are
calculated by using and
W/cm . These values are determined by curve
fitting with the experimental result for . For all
cases, there is good agreement between the experimental and
numerical results, while the numerical results obtained by
using the constant-pump-intensity approximation (not shown
in the figure) are considerably different from the experimental
results for . In the perpendicular polarization for
the measured PC reflectivities are slightly lower
than the calculated values. Aside from this discrepancy, the
changes in the entire tendency of the PC reflectivity with
are consistent with those predicted by numerical analysis. The
discrepancy at large may be attributed to the influences
of photofading of the dye molecules and of a holographic
component of the PC waves [5].
VI. CONCLUSION
We have analyzed the polarization-dependent PC reflectivity
by DFWM in saturable-dye-doped films on the basis of a four-
level model with excited-state absorption by taking account of
the effect of molecular orientation as well as of the pump
propagation inside the dye-doped film. Under the assumption
that the dye molecules are rigidly fixed in a solid matrix
without any positional and orientational order and that they
interact with only the component of electric fields polarized
along a particular molecular axis, the coupled-wave equations
for four interacting waves were derived by proper orientational
and spatial averaging procedures and were numerically solved
to obtain the PC reflectivities for the two cases of the probe
wave polarized either parallel or perpendicular to the two
pump waves.
Numerical calculations of the PC reflectivity as a function
of the normalized pump intensity revealed that for both polar-
ization states every PC-reflectivity curve has a peak near the
saturation intensity and that a certain pump intensity exists
at which the PC reflectivities for both polarization states
intersect. At this pump intensity, vectorial phase conjugation
can possibly take place. It was confirmed that and
mainly determine the characteristics of the PC-reflectivity
curve, whereas the detuning parameters and merely
shift the entire curve vertically. The PC reflectivities obtained
in the constant-pump-intensity approximation showed that the
pump propagation effect becomes essential for larger
than about 2.0. It was found that the PC reflectivities for the
parallel polarization almost conform to the results obtained
by ignoring the effect of the molecular orientation provided
that the definitions of and are appropriately modified.
However, it is indispensable to take account of this effect in
analyzing the case of perpendicular polarization. In relation
to the comparison between the experimental and numerical
results, while they exhibited good agreement at various
there was a slight difference, especially at large for the
perpendicular polarization.
APPENDIX
The coupling coefficients for the probe and the PC wave
in the constant-pump-intensity approximation are analytically
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(A5)
represented for parallel polarization as
(A1)
(A2)
and for perpendicular polarization as
(A3)
(A4)
Since these coupling coefficients are independent of the po-
sition the coupled-wave equations for the probe and the
PC wave can be solved, and the PC reflectivities are given
as (A5), shown at the top of the page, where denotes
taking the real part.
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